Abstract. We present various examples of cosmetic bandings on knots and links, that is, bandings on knots and links leaving their types unchanged. As a byproduct, we give a hyperbolic knot which admits exotic chirally cosmetic surgeries yielding hyperbolic manifolds. This gives a counterexample to a conjecture raised by Bleiler, Hodgson and Weeks.
Introduction
In this paper, we call the following operation on a link a banding 1 on the link. For a given link L in the 3-sphere S 3 and an embedding b : I × I → S 3 such that b(I × I) ∩ L = b(I × ∂I), where I denotes a closed interval, we obtain a (new) link as (L−b(I ×∂I))∪b(∂I ×I). We call the link so obtained the link obtained from L by a banding along the band b.
This operation would be first studied in [20] , and then, played very important roles in various scenes in Knot theory, and also in much wider ranges, for example, relation to DNA topology (see [12] for example). Also see [1, 13, 15, 17] for some of recent studies. Remark 1. On performing a banding, it is often assumed the compatibility of orientations of the original link and the obtained link, but in this paper, we do not assume that. Also note that this operation for a knot yielding a knot appears as the n = 2 case of the H(n)-move on a knot, which was introduced in [10] . See [16] for a study of H(2)-move on knots for example.
In general, for an operation on knots and links, a fundamental question must be when the operation preserves the type of a knot and link. For example, for the crossing change operation, this question is related to the famous Nugatory Crossing Conjecture [18, Problem 1.58] .
Let us consider this question for a banding in this paper. Precisely we say that a banding on a link L in S 3 is cosmetic if the link L ′ obtained by a (non-trivial) banding on L is equivalent to L, in other words, there exists a self-homeomorphism of S 3 which takes L to L ′ . If the self-homeomorphism is orientation-preserving (resp. orientation-reversing), then we call the banding is a purely cosmetic (resp. chirally cosmetic).
There always exists a "trivial" banding on a link which is cosmetic, that is when the band is half-twisted and parallel to the link. However, also some other "non-trivial" examples are known. In this paper, we analyze and describe mechanisms of known examples, and present more examples of cosmetic bandings. Detailed contents are as follows.
In Section 2, we give a brief review on a relationship between a banding and a Dehn surgery. We also introduce some terminologies used in this paper.
In Section 3, we give examples of cosmetic bandings realized by a 4-move operation. In particular, based on the examples given in [14] , we present a family of infinitely many two-bridge links which admit cosmetic bandings. Actually we see that the family coincides with the set of two-bridge links with unlinking number one.
In Section 4, we analyze the example of a cosmetic banding given in [27] , that is, a cosmetic banding on the torus knot of type (2, 5) . We will describe why such a cosmetic banding can occur, and point out the example is quite sporadic.
In Section 5, we see that the knot 9 27 in the knot table admits a cosmetic banding, and reveal its mechanism. As a matter of fact, the example comes from the famous example related to the Cosmetic Surgery Conjecture given in [5] . As a byproduct, we give a hyperbolic knot which admits exotic chirally cosmetic Dehn surgeries yielding hyperbolic 3-manifolds. This gives a counterexample to a conjecture raised by Bleiler 
Banding and Dehn surgery
In this section, as a basic tool used throughout this paper, we describe a relationship between a banding on a link and a Dehn surgery on a knot.
2.1. Dehn surgery. Let K be a knot in a 3-manifold M with the exterior E(K) (i.e., the complement of an open tubular neighborhood of K). Let γ be a slope (i.e., an isotopy class of non-trivial simple closed curves) on the boundary torus ∂E(K). Then, the Dehn surgery on K along γ is defined as the following operation. Glue a solid torus V to E(K) such that a simple closed curve representing γ bounds a meridian disk in V . We denote the obtained manifold by K(γ).
It is said that the Dehn surgery along the meridional slope is the trivial Dehn surgery. Also it is said that a Dehn surgery along a slope which is represented by a simple closed curve with single intersection point with the meridian is an integral Dehn surgery.
In the case where M = S 3 , we have the well-known bijective correspondence between Q ∪ {1/0} and the slopes on ∂E(K), which is given by using the standard meridian-longitude system for K. When the slope γ corresponds to r ∈ Q ∪ {1/0}, then the Dehn surgery on K along γ is said to be the r-Dehn surgery on K, or the r-surgery on K for brevity. We also denote the obtained manifold by K(r). In this case, we note that an integral Dehn surgery corresponds to an n-Dehn surgery with an integer n.
Montesinos trick.
We here recall the Montesinos trick originally introduced in [23] . LetM be the double branched cover of S 3 branched along a link L ⊂ S 3 . Let K be a knot inM , which is strongly invertible with respect to the preimageL of L, that is, there is an orientation preserving involution ofM with the quotient M and the fixed point setL which induces an involution of K with two fixed points. Then the manifold K(γ) obtained by an integral Dehn surgery on K is homeomorphic to the double branched cover along the link obtained from L by a banding along the band appearing as the quotient of K with the corresponding framing r. See [2, 3, 4] Here two slopes are called equivalent if there exists a self-homeomorphism of the exterior of a knot K taking one slope to the other, and two surgeries on K along two slopes are called purely cosmetic (resp. chirally cosmetic 2 ) if there exists an orientation preserving (resp. reversing) homeomorphism between the pair of the manifolds obtained by the pair of the surgeries. We say that a pair of cosmetic surgeries on a knot is mundane (resp. exotic) if the surgeries are along equivalent (resp. inequivalent) slopes. These terminologies were introduced in [5] .
The conjecture suggests that exotic purely cosmetic bandings on links might not exist, or are quite hard to find if exist. On the other hand, it is known that the cosmetic surgery conjecture for "chirally cosmetic" case is not true. That is, there exist many knots admitting non-trivial chirally cosmetic surgeries. From such examples, we can have cosmetic bandings on links as we will see in the rest of this paper.
2.4.
Mundane and exotic banding. According to the definitions of a mundane cosmetic surgery and an exotic cosmetic surgery, we define a mundane cosmetic banding and an exotic cosmetic banding as follows.
It is well-known that a rational tangle is determined by the meridional disk in the tangle. The boundary of the meridional disk is parameterized by an element of Q ∪ {1/0}, called a slope of the rational tangle. A rational tangle is said to be integral if the slope is an integer or 1/0. For brevity, we call an integral tangle with slope n an n-tangle.
A banding can be regarded as an operation replacing a 1/0-tangle into an n-tangle. Then we call this banding a banding with a slope n, and the 3-ball corresponds to the n-tangle the banding ball.
A cosmetic banding with slope n is said to be mundane when there exists a self-homeomorphism on the exterior of the banding ball taking the slope 1/0 to n. A cosmetic banding which is not mundane is said to be exotic.
4-moves
In this section, we introduce examples of chirally cosmetic bandings which come from a 4-move operation. By these examples, one might say that examples of chirally cosmetic bandings are not difficult to find. However, all of examples of chirally cosmetic bandings introduced in this section are mundane.
A 4-move on a link is a local change that involves replacing parallel lines by 4 half-twists as shown in the left-hand side of Figure 1 . We may regard the local move given in the right-hand side of Figure 1 as a 4-move also. 3.1. Symmetric union. By Lemma 3.1, a symmetric union as shown in Figure 3 admits a cosmetic banding. This fact was pointed out by Kanenobu [14, Section 11] . Note that such symmetric unions contain some familiar knots, for example, a pretzel knot of type (±2, p, −p), more generally a Montesinos knot of type (± 3.2. Satellite knot/link. By using Lemma 3.1, other examples are obtained as follows. For an amphicheiral knot in S 3 , the Whitehead double with the blackboard framing is a knot admitting a cosmetic banding, and the (2, 2)-cable is a 2-component link admitting a cosmetic banding.
3.3. Two-bridge link. Further examples are given by unlinking number one two-bridge links as follows. Two-bridge links with unlinking number one were determined by Kohn [19] . That is, the unlinking number of a twobridge link L is one if and only if there exist relatively prime integers m and n such that
in the Schubert form. In the Conway form, this condition is equivalent to
It is clear that such a two-bridge link admits a chirally cosmetic banding realized by a 4-move which changes
These examples also can be explained by considering cosmetic Dehn surgeries on knots in lens spaces. Note that the double-branched cover of S 3 along a two-bridge link is a lens space. In [22] , Matignon gave a complete list of cosmetic surgeries on non-hyperbolic knots in lens spaces. In particular, a Dehn surgery on a lens space L(2m 2 , 2mn − 1) along the knot, K m,n , the (m, n)-cable of the axis in L(2m 2 , 2mn − 1) is contained in his list. Here m and n are positive and coprime integers with 2n ≤ m. By taking the quotient with respect to a strong inversion, we can notice that the cosmetic surgery on K m,n yields a cosmetic banding on the two-bridge link S(2m 2 , 2mn − 1). Furthermore this corresponds to the banding such that C(a 0 , a 1 , . . . , a k , −2, −a k , . . . , −a 1 , −a 0 ) changes to C(a 0 , a 1 , . . . , a k , 2, −a k , . . . , −a 1 , −a 0 ). Thus a cosmetic banding on a twobridge link with unlinking number one corresponds to the cosmetic surgery on a lens space along a cable knot of a torus knot.
Remark 3. In [25] , Rong determined cosmetic Dehn fillings on a Seifert fibered manifold with a torus boundary. Among the cosmetic surgeries and fillings contained in Matignon's list and Rong's list, the cosmetic surgery on a lens space L(2m 2 , 2mn − 1) along K m,n due to Matignon is the only example yielding a cosmetic banding in the down-stair since the other cosmetic surgeries and fillings have no integral slopes. 
Torus knot
In this section, we introduce an example of a non-trivial chirally cosmetic banding which does not realized by a 4-move. Recently, Zeković [27] found that the H(2)-Gordian distance between the (2, 5)-torus knot T (2, 5) and its mirror image T (2, −5) is equal to one as shown in Figure 5 . That is, T (2, 5) admits a cosmetic banding.
First we show that this banding cannot be realized by a 4-move. We denote by σ(K) the signature of a knot K. If a knot K 1 is obtained from K 0 by a single crossing change, then we have |σ(K 0 ) − σ(K 1 )| ≤ 2 [24] . Since a 4-move is realized by crossing changes two times, if a knot K ′ is obtained from K by a single 4-move, then we have |σ(K) − σ(K ′ )| ≤ 4. If a banding changes a knot K into a knot K ′ , which is realized by a 4-move as in the previous section, then |σ(K) − σ(K ′ )| ≤ 4. On the other hand, we have σ(T (2, 5)) = −4 and σ(T (2, −5)) = 4. Therefore this chirally cosmetic banding on T (2, 5) cannot be realized by a 4-move.
Next we consider the mechanism of this banding. Since the (2, 5)-torus knot is the two-bridge knot of the form S(5, 1), we have a chirally cosmetic surgery on a knot in the lens space L(5, 1) by the Montesinos trick. Here we observe this phenomenon in detail.
By an isotopy, the cosmetic banding on T (2, 5) is shown as in Figure 6 . Decomposing to the tangles as in Figure 7 , we can draw the knot corresponding to the banding in L(5, 1) as in Figure 7 . The knot is actually the famous hyperbolic knot whose complement is called the "figure-eight sibling". It is known that the complement of the figure-eight sibling is amphicheiral [21, 26] . Hence we can notice that the chirally cosmetic banding on T (2, 5) comes from the amphicheirality of the figure-eight sibling. On the other hand, we can check that this chirally cosmetic banding is mundane as follows. This banding is described by the bandings with the slopes 0/1 or 1/0 as in Figure 8 . Therefore it suffices to show that the mirror image of the left side of Figure 8 with the slope 1/0 is isotopic to the right side of Figure 8 with the same slope 1/0. Such an isotopy is described in Figure Remark 5. As pointed out in [21] , amphicheiral hyperbolic manifolds are quite sporadic, at least among those with small volume. Actually, the only amphicheiral hyperbolic manifolds with boundary obtained as fillings on the "magic manifold" are the figure-eight knot complement, its sibling, and the complement of the two-bridge link S(10, 3). The figure-eight sibling is the only example related to a cosmetic banding among them.
Remark 6. The two slopes of the cosmetic fillings on the figure-eight sibling are 1/0 and −1/1. Hence the distance of the slopes is one. In other word, there exists a homeomorphism h of the figure-eight sibling to its mirror image such that the distance between a slope r and the slope h(r) is just one. On the other hand, for an amphicheiral knot K in S 3 , the slope p/q changed to −p/q by the orientation reversing self-homeomorphism of the exterior of K. If |p|, |q| = 0, then the distance between the slopes p/q and −p/q is 2|pq| which is grater than one. It follows that no more examples can be created from amphicheiral knots in S 3 . In view of this, we ask the following.
Question 4.1. By generalizing this banding, that is, the cosmetic banding on T (2, 5), can we find other non-trivial cosmetic Dehn fillings on an amphicheiral cusped hyperbolic manifold along distance one slopes?
5. Cosmetic banding on the knot 9 27 and its generalization
In this section, we first focus on the knot 9 27 to show that it admits a cosmetic banding, and reveal its mechanism. As a matter of fact, the existence of this cosmetic banding comes from the famous example related to the Cosmetic Surgery Conjecture, which was given in [5] . The mechanism for that example which we find enables us to construct infinitely many examples of knots and links admitting chirally cosmetic bandings. As a byproduct, we present a hyperbolic knot which admits exotic chirally cosmetic Dehn surgeries yielding hyperbolic 3-manifolds. This gives a counterexample to the conjecture raised by Bleiler, Hodgson and Weeks in [5, Conjecture 2].
5.1. The knot 9 27 . In [5] , Bleiler, Hodgson and Weeks gave a hyperbolic knot in S 2 × S 1 admitting a pair of exotic chirally cosmetic surgeries which yields the lens space L(49, −19) and its mirror image. The knot is shown in Figure 10 . We remark that the surgery slopes for the example are 19 and 18 with respect to a meridian-longitude system, and so, their distance is just one.
By considering the dual knot in L(49, −19) for the knot in S 2 × S 1 , one can find a hyperbolic knot in L(49, −19) which admits a non-trivial integral Dehn surgery yielding the mirror image of L(49, −19), that is, L(49, −18). Furthermore the knot in L(49, −19) is strongly invertible, for the knot is obtained from the so-called Berge-Gabai knots in solid tori, and all such knots have tunnel number one, that means the corresponding knots in S 1 × S 2 are strongly invertible. See [3] for detailed arguments for example.
From this knot, by using the Montesinos trick, we have a chirally cosmetic banding on the knot 9 27 = S(49, −19) as illustrated in Figure 11 .
Here we explain why such a cosmetic banding can occur for the knot 9 27 . The mechanism can be demonstrated in Figure 12 . We first isotope the knot 9 27 to the left position depicted in Figure 12 , like a triangular prism. To the knot in the left, if we perform the banding along the red band in Figure 12 plane shown in the figure, and then perform 2π/3-rotation to obtain the right knot. Consequently, as shown in the figure, we can recognize that the knot 9 27 can admit a chirally cosmetic banding.
5.2.
Generalization. Observing Figure 12 , one can easily generalize it and have infinitely many examples of cosmetic bandings. For example, if one adds any number of twists to the single full-twists, or replaces the single full-twists by any rational tangles, in the knot shown in Figure 12 , then one can obtain infinitely many examples of links admitting cosmetic bandings. By conversely using the Montesinos trick, we have infinitely many possibly new examples of knots admitting cosmetic surgeries. From now on, we focus on the knot K which admits a cosmetic banding naturally extended from that on 9 27 as illustrated in Figure 13 . In some sense, it is obtained by the "pentagonal version" of the knot 9 27 . This knot K admits a chirally cosmetic banding in the same way as seen in Figure 12 . Figure 14 , we can use the Montesinos trick conversely. Precisely, we can obtain a surgery description ofM as in Figure 15 from the last picture of Figure 14 . Here we perform the meridional surgery on the red curve to obtainM in Figure 15 (i.e., we should ignore the red curve). The red curve actually appears as the preimage of the red band in Figure 13 . LetK denote the red knot inM as shown in Figure 15 .
By considering the knotK inM , we can obtain the following.
Theorem 5.1. There exists a hyperbolic knot which admits exotic chirally cosmetic Dehn surgeries yielding hyperbolic 3-manifolds. Precisely, the hyperbolic knot given by the surgery description illustrated in Figure 15 , which Figure 15 . A counterexample of a conjecture proposed in [5] .
admits a pair of Dehn surgeries, one of which yields the mirror image of the 3-manifold obtained by the other, along inequivalent slopes.
This gives a counterexample to the following conjecture. (We changed terminology slightly to fit ours.)
Conjecture ([5, Conjecture 2]). Any hyperbolic knots admit no cosmetic surgeries, purely or chirally, yielding hyperbolic manifolds.
Proof of Theorem 5.1. We consider a knotK in a 3-manifoldM constructed above. Precisely it is described by the surgery description illustrated in Figure 15 , where the red curve indicates the knotK.
The knotK admits a pair of cosmetic Dehn surgeries, one of which is the trivial surgery (1/0-surgery) yieldingM , and the other is the 3-surgery yielding the mirror image ofM . By using the Montesinos trick, the corresponding knot K in S 3 is shown in Figure 13 , and the knot K admits a cosmetic banding in the same way as for the knot 9 27 . Also we can use SnapPy, which is developed for studying the geometry and topology of 3-manifolds, to check that they are mutually homeomorphic orientation-reversingly.
By using the computer program hikmot developed in [9] , one can certify the manifoldM is hyperbolic. The program utilizes interval arithmetics to solve the gluing equations, and can rigorously give a certification that a given manifold is hyperbolic.
We next consider the complementM \K of the knotK inM . Again one can certify the manifoldM \K is hyperbolic by using the computer program hikmot.
To show that the slopes corresponding to 1/0 and 3 are inequivalent, due to [5, Lemma 2] , it suffices to show that the manifoldM \K is chiral, that is, it is not orientation-preservingly homeomorphic to its mirror image. Actually this can be certified by using a computer-aided method developed in [7] based on hikmot and SnapPy.
All the computations we performed are explained in Appendix A in detail. This part is due to Hidetoshi Masai. with SnapPy's solution type "all tetrahedra positively oriented". We call such a triangulation positive. For (1), we can easily get a positive triangulation, and verify hyperbolicity by hikmot. However, after Dehn surgeries, we often get non-positive triangulations. SnapPy has a function called "randomize" to change triangulations randomly, and chances are that new triangulations are positive. Unfortunately, it is often the case that after Dehn surgeries, even randomized triangulations can hardly be positive. To solve this situation, we can try drilling short geodesics out. Then the trivial Dehn surgery of drilled manifold gives a new surgery description and hence a new triangulation which may be positive. This is Algorithm 2 of [9] , but for completeness we rewrite the algorithm here. This algorithm is implemented For (3), we used SnapPy's is isometric to function, see also Remark 7 below.
We now explain how we get (4). The program hikmot gives not only the verification of hyperbolicity, but also data of hyperbolic structures with rigorous error bounds. Using the data, we can prove inequalities rigorously. One application obtained in this manner is canonical.py due to DunfieldHoffman-Licata, which can rigorously ensure a given triangulation to be canonical in the sense of Epstein-Penner [8] . Once we get the canonical triangulations, chirality can be checked from the combinatorial data of the canonical triangulations. This has already been implemented on SnapPy as is amphicheiral function on the symmetry group class that can be obtained by symmetry group function on the manifold class.
Remark 7. We used hikmot, SnapPy's is isometric function, and canonical.py due to Dunfield-Hoffman-Licata. They all never give false positives. However the answer "False" of hikmot and canonical.py only mean the failure of the verifications, and do not prove anything. SnapPy's is isometric is rigorous provided we use triangulations which are verified to be canonical by canonical.py.
